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Timing Jitter and Pump-Induced Amplitude
Modulation in the Colliding-Pulse
Mode-Locked (CPM) Laser

George T. Harvey, Member, IEEE, Michael S. Heutmaker, Peter R. Smith, Martin C. Nuss, Ursula Keller, and
Janis A. Valdmanis

Abstract—We characterize the timing jitter and spurious amplitude
modulation of colliding-pulse mode-locked (CPM) lasers. The absolute
jitter (the jitter of the laser alone) varied between 5 and 10 ps rms in
a 50 to 500 Hz bandwidth. The smallest measured relative jitter (timing
fluctuations between the CPM and a radio-frequency (RF) synthesizer
synchronized to the CPM) was 1.8 ps rms in a 2 Hz to 1 kHz band-
width. Separate from the jitter, spurious modulation in the CW pump
laser mixes with the CPM pulse train to produce a set of discrete am-
plitude-modulated sidebands in the power spectrum of the CPM out-
put. The freq ies of these sidebands change with cavity length, and
the sidebands can be eliminated by operating the pump laser in a sin-
gle longitudinal mode.

I. INTRODUCTION

HE colliding-pulse mode-locked (CPM) laser [1], [2] is a

stable source of subpicosecond pulses that are used in many
studies of ultrafast phenomena. Understanding the noise char-
acteristics of the CPM is critical for experiments that require
both high temporal resolution and high sensitivity. The timing
jitter of the laser can degrade the temporal resolution of elec-
trooptic sampling techniques [3], [4] while amplitude noise lim-
its the ability of the experiment to achieve shot-noise-limited
sensitivity.

In electrooptic sampling, the temporal resolution depends on
both the duration of the optical pulse and the timing jitter [5],
[6] between the optical pulse train and the electrical signal of
interest. Since the CPM is passively mode locked, it is conve-
nient to use the laser as the master oscillator of the electrooptic
sampling system, and to lock electrical signals to the CPM rep-
etition rate. (Although it seems feasible to phase lock the CPM
to an external 100 MHz clock, we did not try this configura-
tion.) In this work we calculate the absolute and relative timing
jitter of the CPM from frequency domain measurements of the
phase noise. We refer to the timing jitter of the CPM alone as
absolute jitter, and we refer to the jitter between the CPM and
a phase-locked RF synthesizer as relative jitter. In electrooptic
sampling, the relative timing jitter between the optical pulses
and the electrical signal must be minimized for optimum time
resolution. Locking the electrical signal to the CPM improves
timing resolution by reducing the relative jitter to a point well
under the intrinsic absolute jitter of the CPM.
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Previous measurements on absolute jitter by von der Linde
reported less than 50 fs of jitter [7] in the CPM. These mea-
surements, however, only looked at frequency offsets exceed-
ing a few kHz [8]. The 5 to 10 ps jitter we measured was
noticeable only at lower frequencies in the range of 50 to 500
Hz. In this frequency range, similar jitter is also seen in von
der Linde’s laser [8].

Spurious amplitude-noise sidebands have previously been re-
ported in the literature [7]. We have found that these sidebands
are the result of the interaction of the pump laser with the CPM.
The CPM is pumped by a CW argon ion laser, which contains
a small amount of spurious modulation at harmonics of its cav-
ity round-trip frequency, caused by longitudinal mode beating.
The mixing of the spurious-pump modulation with the CPM
pulse train produces a set of discrete noisy sidebands in the CPM
output which can be eliminated by operating the pump laser in
a single longitudinal mode.

II. EXPERIMENTAL METHOD

The cavity of the balanced CPM laser [2] is shown in Fig. 1,
where the gain medium is Rhodamine-6G, and the saturable ab-
sorber is DODCI. The pump laser is a Coherent Innova 200
argon ion laser, operated at 3.0 W average power in the 514.5
nm line. The CPM produces two output beams of 620 nm wave-
length at an average power of 25 mW per beam. The pulse rep-
etition frequency is 100 MHz and the pulsewidth is on the order
of 100 fs.

The absolute phase noise and the amplitude noise of the CPM
are characterized in the frequency domain with a microwave
spectrum analyzer (HP 8566) [5]-[9]. The input to the spectrum
analyzer is a GaAs photoconductive switch with a risetime of
~5 ps and a pulsewidth of ~70 ps FWHM. The output of the
switch is amplified by a 18 GHz bandwidth amplifier with 35
dB of gain.

In order to measure the relative phase noise between the CPM
and an external synthesizer, a homodyne configuration with a
phase detector [10] is used. Fig. 2 shows the experimental con-
figuration. The divider generates a 10 MHz square wave from
the 100 MHz output of a photodetector monitoring the laser
pulses. This 10 MHz signal is used as an externgl reference for
a radio frequency (RF) or microwave synthesizer. To test the
synchronization between the synthesizer and the laser, part of
the detector output is attenuated, band-pass filtered, and com-
bined with a 100 MHz signal from the synthesizer in a double-
balanced mixer. Amplitude-to-phase modulation (AM-PM)
conversion [5] can occur in either the band-pass filter or the
mixer if the signal levels in these components are high enough
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Fig. 1. The cavity of the balanced CPM laser.
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Fig. 2. Experimental configuration for measurement of the relative phase
noise.

to cause nonlinear operation. By offsetting the synthesizer fre-
quency and reducing the photodiode signal to a level that elim-
inates harmonics of the beat frequency, we obtain linear
operation. A low-pass filter eliminates the high-frequency com-
ponents of the mixer output, and the amplified signal is viewed
on a low-frequency spectrum analyzer and an oscilloscope. For
proper phase detection, the phase of the synthesizer output is
adjusted so the two inputs to the mixer are in quadrature, by
nulling the dc mixer output on the oscilloscope.

III. RESULTS

The major feature of the RF power spectrum of the CPM is
a series of delta functions at harmonics of 100 MHz, the pulse
repetition rate of the CPM. Timing jitter and amplitude noise
appear as phase and amplitude-noise sidebands convolved
around each harmonic of the cavity frequency. Phase noise can
be distinguished from amplitude noise by its dependence on the
square of the harmonic number which makes it the dominant
noise term at the higher harmonics. In addition to the harmonics
at the repetition rate, a series of discrete sidebands appear in
the power spectrum due to interactions between the modes of
the CPM and the pump laser.

A. Timing Jitter

Absolute Jitter: The basic measurement of timing stability is
the single-sideband phase noise density at the first harmonic
L, (f) which is expressed in dB below the carrier power (dBc)
in a 1 Hz bandwidth at a frequency offset f from the carrier [5],
[6], [71, [9]. Phase noise is calculated by measuring the noise
spectrum of the laser at a harmonic high enough for the phase-
noise sidebands to dominate over the amplitude-noise sidebands
in the spectrum [5]-[7], [9]. The measurement on the spectrum
analyzer must be divided by the equivalent noise bandwidth
(ENBW) to obtain L, ( f), the phase noise at the nth harmonic
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g. 3. Two plots of L, ( f) of the CPM laser.

in a 1 Hz bandwidth. Dividing L,( f) by n squared translates
the phase noise to the fundamental frequency giving L, ( ).
The relationship between the rms phase noise ¢, and the phase-
noise spectral density L, ( f) can be derived from [91;

fupper
bms = ,Hz ["  nna (1)
f=1/4aT

where ¢, represents the rms phase jitter of the laser pulse over
the measurement time AT. The laser repetition rate f; deter-
mines the upper frequency limit £, ;. The rms timing jitter ¢,
is equal to ¢, /27 f.

We have measured the absolute jitter on two different CPM
lasers of the same balanced cavity design. Fig. 3 shows two
measurements of L, ( f ). The dashed line represents typical jit-
ter from a well-running laser and indicates an rms jitter of 5 ps
(3.5 millirad) in the frequency span between 50 and 500 Hz.
The solid line, which was taken to extend the frequency range
of the measurement, was also taken the day after a dye change
and indicates a jitter of 10 ps (7 mrad) over the same 50 to 500
Hz range. The increased jitter comes mainly from increased
noise at frequencies between 100 and 400 Hz and may be due
to a larger number of bubbles in the dye.

For low frequency offsets we measure noise at the 10th har-
monic of the laser repetition rate where phase noise dominates
amplitude noise out to about 500 Hz. Above 500 Hz, the 100th
harmonic was used for measurement.

The phase noise drops off rapidly at a rate of 30 to 40 dB per
decade out to a frequency of 1 kHz. At such a sharp roll off,
there is little contribution to the jitter due to frequencies higher
than twice the lower frequency used in the integration. Even
after the roll off decreases to 10 dB per decade at 1 kHz, the
contribution to the jitter due to frequencies greater than 1 kHz
can be neglected. Since the phase noise is predominantly at
lower frequencies, it should be feasible to reduce the jitter by
actively controlling the cavity length and phase locking the fre-
quency of the laser to a stable frequency source.

The absolute timing jitter depends critically on measurement
time. The 5 to 10 ps jitter found above 50 Hz corresponds to a
measurement time of 5 ms. As the measurement time is in-
creased, the jitter goes up dramatically. If L, ( f ) is integrated
down to a frequency of 37 Hz on the solid curve in Fig. 3, a
measurement time of 7 ms, the timing jitter jumps from 10 to
17.5 ps.

The measured absolute timing jitter is consistent with sub-
micron variations in cavity length occurring in the frequency
range of 50-500 Hz. A small and slow change in cavity length
leads to significant variation in the phase of the laser pulse train
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because the phase change accumulates over many round-trip
times of the cavity. Periodic changes in cavity length L, at a
frequency f,, modulate the laser cavity frequency f;. For small
differences in cavity length, the maximum frequency deviation
8f; is related to the maximum change in cavity length 5L by

8f; oL

= =—. 2

5L (2)
If 3f; << f;, the corresponding phase modulation ¢ = &f,/f,,,
and

_SL_ £
A (3)

To find the maximum timing variation of the pulse §¢ we sub-
stitute 6¢ = 2« f;6¢ into (3) and solve for 67, which yields

oL
t= 2xLf,’ )

To get an estimate of the sensitivity of the timing jitter to cavity
length changes, we calculate 0.01 um as the cavity length
change required at a modulation frequency of 100 Hz to cause
a 5 ps timing jitter in the laser. Although this example uses a
discrete frequency when, in reality, the cavity length changes
are distributed over the entire frequency range, it is clear that
substantial jitter can result from extremely small low-frequency
changes in cavity length.

We tried several experiments to try to isolate the source of
the jitter that were inconclusive. Although the dye jet seems a
likely candidate for causing the jitter, moving the collection tube
to change the stability of the jet did not significantly alter the
jitter. Likewise, changing the pulsewidth by tuning the prisms
in the laser had no effect.

We were able to induce jitter acoustically by driving the laser
enclosure with a loudspeaker. At a frequency of 340 Hz (one
of the resonance frequencies of the enclosure for the CPM), the
acoustic modulation produces phase-noise sidebands in the CPM
output, as shown in Fig. 4. At the tenth harmonic (the upper
trace in Fig. 4), the first-order sidebands are enhanced by 20
dB compared with those on the fundamental (the lower trace),
as expected for phase modulation. For acoustic frequencies
above about 400 Hz, the first-order modulation sidebands do
not increase as n2 with harmonic number, which indicates the
presence of both phase and amplitude modulation.

Using (1) the phase modulation due to the acoustic noise is
11 mrad rms which corresponds to a cavity length modulation
of 0.11 um calculated using (3). Although it might seem plau-
sible that ambient acoustic noise from the room might be vi-
brating the laser enclosure, dampening the interior of the
enclosure with acoustic absorbers did not alter the jitter. Also,
the spectrum of the phase noise did not show any structure that
might be expected from the discrete acoustic modes of the en-
closure.

Further investigation is needed to pinpoint the exact source
of the laser jitter. Vibration of the cavity mirrors or the dye jet
are likely causes of the jitter but the source of the noise and
how it is coupled to the elements in the cavity are currently
unknown.

Relative Jitter: The relative timing jitter is calculated from
the relative phase noise shown in Fig. 5. The upper trace shows
the relative phase noise from 1 to 100 Hz, using a Programmed
Test Sources (PTS) Model 160 synthesizer synchronized with
the CPM. The lower trace shows the noise floor of the phase
detection system when the CPM beam is blocked.
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Fig. 4. Relative phase noise sideband (upper trace) and noise floor of mea-
surement system (lower trace).
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The method for determining the relative timing jitter is sim-
ilar to the method discussed for absolute timing jitter. To find
the single-sideband phase-noise density L, ( f ) the power-spec-
tral density is divided by four times the carrier power. The fac-
tor of four accounts for the folding of the lower sideband into
the upper sideband around 0 Hz as a result of the mixing [10].
The timing jitter is derived from L, ( f) using (1). Discrete spu-
rious signals, such as the signal at 60 Hz in Fig. 5, are excluded
from the integration of the phase noise.

Of the three synthesizers we tested with the CPM, the PTS
synthesizer has the lowest relative phase noise, 1.1 millirad rms
over a 2 Hz to 1 kHz band. This phase jitter corresponds to an
rms timing jitter of 1.8 ps for a 0.125 s measurement time. The
maximum output frequency of the PTS-160 is 160 MHz. The
relative jitter depends on the characteristics of the synthesizer,
and it is significantly greater for two other synthesizers with
higher maximum output frequencies. Over the same frequency
band, the relative jitter is 5 ps rms using the Hewlett-Packard
8660C synthesizer (maximum frequency 2.6 GHz) and it is 6
ps rms using the HP 8673D (maximum frequency 26 GHz).

When the CPM is the master oscillator in the system, several
possible sources of relative jitter can be identified. Any residual
jitter (jitter introduced by the synthesizer in the creation of new
frequencies) will appear as relative jitter. From 10 Hz to 1 kHz
(the range where specifications can be compared to data), the
relative phase noise using both the PTS160 and the HP 8660C
is at least 10 dB above the absolute phase noise specifications
of the instruments. The smaller instrument specification indi-
cates that the relative jitter is not dominated by jitter due to the
synthesis process in these instruments. In the HP 8673D, the
specified absolute jitter of the synthesizer is more than the mea-
sured relative jitter and the jitter in the synthesis process could
be contributing to the jitter between the laser and the synthe-
sizer.
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Another source of relative jitter is amplitude-to-phase mod-
ulation (AM-PM) conversion in the interaction between the sig-
nal from the photodiode and the divider circuit (or at the
synthesizer input if the synthesizer can use a 100 MHz refer-
ence). Jitter due to the divider must be equal to or less than the
lowest measured jitter of 1.8 ps in the PTS 160. The 5 ps jitter
in the HP 8660C must be dominated by other sources.

The absolute jitter of the CPM produces phase variations in
the time base of the synthesizer, and the ability of the synthe-
sizer to track these variations will affect the relative jitter. The
PTS synthesizes its output directly from the external frequency
source, which is first filtered by a crystal filter with a 250 Hz
bandwidth. The translated bandwidth at 100 MHz is 2.5 kHz
which allows the synthesizer to track the low-frequency noise
that dominates the absolute jitter of the laser. Both HP synthe-
sizers use a phase-locked loop at the external source input. The
loop bandwidth, which is not specified, could be limiting the
ability of the synthesizers to track the laser jitter.

B. Pump-Induced Spurious Sidebands

As seen in Fig. 6(a), the spectrum of the CPM laser contains
a series of spurious sidebands convolved around the fundamen-
tal cavity frequency and its harmonics. We attribute these side-
bands to mixing of the longitudinal modes of the argon pump
laser with the cavity modes of the CPM. The new frequencies
resulting from the mixing process occur at the sum and differ-
ence frequencies of the two sets of cavity modes. Since the mix-
ing is due to output power fluctuations in the pump laser
modulating the gain in the CPM laser without substantially
changing the frequency of the CPM cavity, the modulation is
expected to be amplitude and not phase modulation. Indeed, our
experiments show that the power in these sidebands is indepen-
dent of harmonic number, which indicates amplitude modula-
tion.

We confirm the origin of the spurious sidebands by inserting
an etalon into the pump laser cavity, which forces it to operate
in a single longitudinal mode. In single-mode operation, the ar-
gon laser no longer has frequency components at multiples of
the cavity frequency; mixing no longer occurs in the CPM gain
jet; and the sidebands are absent. Fig. 6(b) shows the CPM
spectrum when the pump laser is in single-mode operation, and
the spurious sidebands are absent. The deletion of the sidebands
has no effect on the phase noise in the CPM laser, which is not
altered by insertion of the etalon.

The sideband frequencies are directly related to the ratio of
the two laser cavity lengths. When the cavity frequency of the
pump laser is a rational fraction of the cavity frequency of the
CPM, some of the mixing products overlap, which reduces the
number of sidebands in the spectrum. Fig. 6(a) is a spectrum
where the CPM cavity length is 16 /21 of the argon cavity
length. This spectrum contains 20 evenly spaced sidebands be-
tween each harmonic of the CPM cavity frequency. In general,
the number of sidebands will be one less than the denominator
of the cavity length ratio, as shown in the Appendix.

As L varies and the two cavity frequencies are no longer in
the original rational ratio, a larger number of distinct mixing
frequencies is possible, and each mixing product produces a
peak in the spectrum. The result of this effect is that the distri-
bution of spurious peaks in the spectrum changes dramatically
with CPM cavity length, as shown in Fig. 7. Fig. 7(a) contains
the same spectrum as in Fig. 6(a), expanded to show just a few
of the regularly spaced sidebands. Each of these main sidebands
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Fig. 6. (a) RF spectrum showing spurious sidebands between the harmon-
ics of the cavity frequency. (b) RF spectrum showing the elimination of
the spurious sidebands by running the pump laser in a single longitudinal
mode.
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Fig. 7. RF spectra showing the evolution of the main sidebands into sub-
sidiary peaks as the CPM cavity length is varied.

is denoted by a letter: a, 8, v, 6, and €. As the cavity length is
decreased each of the main sidebands splits into a number of
subsidiary peaks [Fig. 7(b) and (c)]. These new peaks travel in
both directions in frequency away from the original peak, which
moves relatively slowly. The sets of peaks overlap to various
degrees [Fig. 7(d) and (e)] as cavity length is decreased further,
and eventually form a new set of main sidebands with a different
spacing [Fig. 7(f)]. The fractional CPM cavity length change
AL /L, is shown in each spectrum in Fig. 7.

The frequencies of the sidebands exactly match the mixing
products calculated using the cavity frequencies of the pump
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Fig. 8. Frequencies of the subsidiary peaks as a function of CPM cavity
length. The solid lines are calculated mixing frequencies between the CPM
pulse train and the spurious pulses of the pump laser.

laser and the CPM. The points in Fig. 8 show the measured
peak frequencies as a function of AL/L, for a set of spectra
including those of Fig. 7. The solid lines are calculated mixing
frequencies, and each line indicates the frequency of an indi-
vidual peak as the cavity length varies. (The calculation of the
mixing frequencies is explained in the Appendix.) Thus, each
set of lines fans out from AL/L, = 0, where the subsidiary
peaks overlap to form the main sidebands, and the labels on the
right-hand vertical axis correspond to those in Fig. 7(a).

As L varies over the range shown in Fig. 8, the subsidiary
peaks overlap significantly at two different cavity lengths, and
we can calculate the cavity frequency ratio for these conditions.
When AL/L, = —0.00136, then the new cavity ratio is 2(1-
0.00136) = i% where 22 is the original cavity ratio. For the new
cavity length, we find that the CPM spectrum contains 45 side-
bands between harmonics, as expected. Similarly, when AL /L,
= —0.0025, the new ratio is =12 and the spectrum contains 24
sidebands. Portions of these two spectra are shown in Fig. 7(e)
and (f).

We have observed the RF spectrum of the argon ion pump
laser, and find spurious modulation at the cavity frequency (76
MHz) and harmonics, due to longitudinal-mode beating. The
fractional modulation of the pump beam power is on the order
of 0.004. If the same modulation depth was present on the CPM
output, the modulation products would be suppressed on the
order of 50 dB (electrical) on the spectrum analyzer. In fact the
suppression of the sidebands varies from 60 to 80 dB, but the
above estimate does not account for losses or nonlinearities in
the mixing process. Also, the spectral peaks are not sharp, but
have a typical 3-dB (electrical) full width of 170 kHz. Thus,
the coherence time of the spurious pump pulses is on the order
of 6 us.

The spectrum of the spurious amplitude modulation of the
CPM provides indirect information about the number of longi-
tudinal modes in the pump laser. As shown in the Appendix, in
order to produce the observed six subsidiary peaks from each
main sideband, the pump laser spectrum must contain power out
to about the 60th harmonic of its cavity frequency, i.e., contain
~ 60 longitudinal modes within its gain bandwidth. This is con-
sistent with the 8 GHz bandwidth of the argon laser line at 514
nm.

In the measurement of a small signal on the CPM beam, ex-
perimental sensitivity is degraded if one of the spurious side-
bands lies within the passband of the detection system. In some
cases a narrow-band detection system could be positioned in a
part of the spectrum in between the spurious sidebands. In the
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balanced CPM laser, however, the pulsewidth is optimized by
tuning the group dispersion by altering the path length through
one of the prisms. Changing the path length alters the CPM
cavity frequency, changing the frequencies of the spurious side-
bands. To prevent excess laser noise from affecting the mea-
surement, the sidebands must be either constantly monitored or
eliminated entirely by running the pump laser in a single lon-
gitudinal mode.

IV. CONCLUSION

We observe absolute jitter of 5 to 10 ps rms at 100 MHz (over
a frequency range of 50-500 Hz), for a CPM laser on two dif-
ferent lasers of the same cavity design. Small changes in effec-
tive cavity length on the order of 0.01 ym would account for
the jitter. At this time the origins of the cavity length changes
are only speculative.

In electrooptic sampling, the signal driving the device can be
phase locked to the frequency of the laser cavity. In this con-
figuration, degradation in temporal resolution depends on the
relative timing jitter between the laser pulses and the electrical
signal, and not the absolute jitter of the laser. In our experi-
ments where we locked several different synthesizers to the
laser, we measure between 1.8 and 6 ps rms relative timing
jitter over a frequency range of 2 Hz to 1 kHz. The amount of
relative jitter depends on the characteristics of the RF synthe-
sizer that is synchronized to the CPM.

The amplitude noise spectrum of the CPM laser is sensitive
to contributions from the mixing of longitudinal modes of the
Argon ion pump laser with the CPM pulse train. This mixing
produces a series of discrete sidebands that shift in frequency
as the cavity length of the CPM is changed. The excess noise
of the sidebands reduces detection sensitivity in many experi-
ments. These sidebands can be removed by operating the pump
laser in a single longitudinal mode. Spurious sidebands have
also recently been observed on a passively mode-locked color
center laser pumped by a multimode CW Nd: YAG laser [11].
In general, multimode laser pumps can be expected to generate
spurious sidebands on most passively mode-locked lasers.

APPENDIX
CALCULATION OF MIXING FREQUENCIES

First we show that when the cavity frequencies of the pump
laser and the CPM laser are in a rational ratio, the denominator
of the ratio determines the number of main sidebands between
the CPM harmonics, as in the spectrum of Fig. 6(a). If the cav-
ity frequency of the CPM is fcpm = fo and that of the pump
laser is foump = m/n fepu, then the difference frequency is

Jix = (A.1)

fo =t

where m and n are integers. Since both the CPM spectrum and
the pump laser spectrum have high harmonic content, the dif-
ference frequencies between harmonics are also relevant. The
difference between the Jth harmonic of the CPM and the Kth
harmonic of the pump laser is

m
f,,K=‘J—K;

Jo- (A.2)

Many different pairs of J and K values can be chosen to yield a
given value of f; x, and it is not possible to determine from the
spectrum of Fig. 6(a) how many different harmonic pairs con-
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TABLE I

@ fix=hlI-KE| =5 B8 fix=hHld-Kit| =2f
J K Slope J K Slope

1 0 -1 2 4 2
15 21 15 14 17 —-14
17 21 -17 18 25 18
31 42 31 30 38 -30
33 42 -33 34 46 34
47 63 47 46 59 —46
49 63 —49 50 67 50

tribute to the formation of each main sideband. The number of
main sidebands present in the spectrum can be understood by
writing (A.2) as

fo

fx = o nJ — mK|. (A.3)

It is clear that the smallest possible difference between mixing
products is Af; x = f,/n, since the quantity nJ-m K will always
be an integer. The number of sidebands in each frequency in-
terval of size f; is given by

fo
N=—
Afr.x

Thus for the spectrum of Fig. 6(a) the denominator n = 21,
since the number of sidebands between adjacent CPM harmon-
ics is N = 20.

The splitting of the sidebands shown in Fig. 7 occurs when
the variation of fcpy causes the difference frequency f; x to
change. As L changes, the cavity frequency of the CPM is

AL
Jepm = fo(1 - 'i;)

-1=n-1 (A.4)

(A.5)

for small AL/L,. Then the difference of the Jth harmonic of
the CPM and the Kth harmonic of the pump laser is

AL m
(-4)-

and the value of J determines the variation of f; x with AL.

We use (A.6) to calculate the frequencies of the subsidiary
peaks, and to match the data of Fig. 8, in the following way.
Since fump = 76 MHz and n = 21, the most likely value for
the initial cavity frequency ratio m/n is 16 /21 = 0.7619. For
each main sideband of Fig. 7(a) we use (A.1) to find pairs of
values J and X that yield the main sideband frequency, as shown
in Table I for the « and 3 sidebands. When AL = 0, many J,
K values yield the same mixing frequency; for example, f; x =
fo for the o sideband and f; x = Z £, for the 8 sideband. For
nonzero AL, each frequency f; x becomes distinct, and the
magnitude of the slope of f; x versus AL/L, is J, as shown in
(A.6). The sign of the slope is determined by the absolute value
function in (A.6). If Jfcpm > Kfpump the slope is —J, otherwise
the slope is +J; the appropriate value is shown in Table I. The
solid lines in Fig. 8 show the values of f; x versus AL /L, cal-
culated from (A.6) using J and K values such as in Table I. The
agreement between the data points and the calculated mixing
frequencies is excellent.

fixk=Fh (A.6)
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